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ABSTRACT 
The stress-dilatancy relation is of critical importance for constitutive modelling of sand. A new 
fractional-order stress-dilatancy equation is analytically developed in this study, based on 
stress-fractional operators. An apparent linear response of the stress-dilatancy behaviour of soil 
after sufficient shearing is obtained. As the fractional order varies, the derived stress-dilatancy 
curve and the associated phase transformation state stress ratio shift. But, unlike existing 
researches, no other specific parameters, except the fractional order, concerning such shift and 
the state-dependence are required. The developed stress-dilatancy equation is then incorporated 
into an existing constitutive model for validation. Test results of different sands are simulated 
and compared, where a good model performance is observed.  
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1. Introduction 
The constitutive model for geomaterial is an essential element for numerical analysis of the 
strength and deformation characteristics of geotechnical facilities. In practical finite element 
modelling, the rate-independent stress-strain behavior of geomaterial was often simulated by 
using an elastoplastic approach (Sumelka and Nowak, 2016; Shi et al., 2019; 2020). It has been 
recognized that the plastic flow of soil, e.g., sand (Wichtmann and Triantafyllidis, 2016) and 
clay (Tafili and Triantafyllidis, 2020), was dependent on its material state. To capture such 
state-dependent behavior of geomaterials, different stress-dilatancy equations incorporating 
various state parameters were proposed, for example, the state-dependent Rowe’s stress-
dilatancy equation (Wan and Guo, 1998) using ‘e/ec’, where e and ec are void ratios at the 
current and critical states, respectively. In addition, Sumelka and Nowak (2016) developed a 
fractional plastic flow rule for capturing the induced plastic anisotropy of civil materials. Sun 
et al. (2019b) explored one mathematical principle underlying the state-dependent stress-
dilatancy behavior of geomaterial, by using stress-fractional operators. Despite of the good 
descriptions of the state dependent stress-strain behavior of geomaterial, their approach was 
found to have negative performance when simulating the stress-dilatancy data of sand.  
Therefore, in this study, an attempt is made to provide a modified fractional-order stress-
dilatancy equation, based on the original Cam-clay yielding function proposed in Schofield and 
Wroth (1968). The triaxial test results of different sands will be simulated and compared by 
using the proposed fractional-order stress-dilatancy equation. The study is structured as follows: 
Section 2 develops a fractional-order stress-dilatancy equation, where detailed analytical 
solutions are provided; model application is shown in Section 3; Section 4 concludes the study. 
 
2. Stress-dilatancy Equation 
In this study, the Cam-clay yielding function (f) (Schofield and Wroth, 1968) is used.  
 𝑓 = 𝑞 + 𝑀𝑝′ln𝑝′ −𝑀𝑝′ln𝑝0′ = 0 (1) 
where 𝑝0′  is the intercept of f with the 𝑝′-axis. In triaxial loading condition, the mean effective 
principal stress 𝑝′ = (𝜎1′ + 2𝜎3′)/3, and the generalised shear stress 𝑞 = 𝜎1′ − 𝜎3′, where 𝜎1′ and 𝜎3′ are the first and third effective stresses, respectively. The stress ratio 𝜂 = 𝑞/𝑝′. Furthermore, 
the corresponding volumetric strain 𝜀𝑣 = 𝜀1 + 2𝜀3  and the generalised shear strain 𝜀𝑠 =
2/3(𝜀1 − 𝜀3), where 𝜀1 and 𝜀3 are the first and third principal strains, respectively. M is the 
critical-state stress ratio in the 𝑝′ − 𝑞  plane, which can be defined as: 𝑀 = 6 sin𝜑𝑐 /(3𝑡 −sin𝜑𝑐), where t = +1 or –1 for compression or extension, respectively; 𝜑𝑐 is the critical-state 
friction angle under triaxial compression. Substituting Eq. (1) into Eqs. (A3) – (A4), one can 
obtain the expression for dg: 
 𝑑𝑔 = 𝜕𝛼𝑓 𝜕𝑝′𝛼⁄𝜕𝛼𝑓 𝜕𝑞𝛼⁄  (2) 
Following Sun et al. (2019a), the denominator can be provided as: 𝜕𝛼𝑓 /𝜕𝑞𝛼 = 𝑡|𝑞|1−𝛼/Γ(2 −
𝛼), where Γ is the gamma function, defined in Eq. (A1). Note that for compressive loading, the 
left-sided fractional derivative defined in Eq. (A3) is used, while the right-sided one defined in 
Eq. (A4) is used for extensive loading. However, whatever the loading is, a unified analytical 
solution will be obtained. As for sand, 𝑝′ ≥ 0, throughout the test, 𝜕𝛼𝑓 𝜕𝑝′𝛼⁄ can be solved as: 
 
𝜕𝛼𝑓𝜕𝑝′𝛼 = 𝑡𝑀 𝜕𝛼(𝑝′ln𝑝′)𝜕𝑝′𝛼 − 𝑡𝑀ln𝑝0′ 𝜕𝛼𝑝′𝜕𝑝′𝛼																				= 𝑡𝑝′1−𝛼Γ(2−𝛼) {[𝜓(2) − 𝜓(2 − 𝛼)]𝑀 − 𝜂} (3) 
where 𝜓  is the digamma function, defined in Eq. (A2). Then, Eq. (2) can be further derived as 
 𝑑𝑔 = (𝜇𝑀 − 𝜂)|𝜂|1−𝛼 (4) 
where the coefficient 𝜇 = 𝜓(2) − 𝜓(2 − 𝛼). It is found that when 𝛼 = 1, 𝜇 = 1 and Eq. (4) 
reduces to the original Cam-clay stress-dilatancy equation, i.e., 𝑑𝑔 = 𝑀 − 𝜂, which is only 
determined by (𝑀 , 𝜂) and not influenced by any intermediate state or the memory from the 
current state to the final critical state. Thus, the predicted phase transformation state stress ratio 
(𝜂𝑑) is always the same as M, which is inconsistent with experimental observations (Been and 
Jefferies, 1985). To reflect the effect of state dependence, a varying Md coupled with a scaling 
scalar d0, instead of the sole M, were usually used, e.g., 𝑑𝑔 = 𝑑0𝑀⁄ (𝑀𝑑 − 𝜂) (Li and Dafalias, 
2000), where 𝑀𝑑 = 𝑀exp(𝑛𝛹 ) , n is a material constant and 𝛹  ( = 𝑒 − 𝑒𝑐 ), is the state 
parameter (Been and Jefferies, 1985). Note that 𝛹  instead of y is used here to avoid confusion 
with the digamma function (y). Md would be larger than M, when the specimen was initially 
at the “wet” side of the critical state line (CSL), whereas Md would be smaller than M, when 
the specimen was initially at the “dry” side of the critical state line (CSL). However, the use of 
a varying Md was a phenomenological mapping of the experimental results, which may not 
represent the mathematical origin of the state-dependence and space-shifting of dg in the 𝜂 −𝑑𝑔 space. Therefore, rather to use two parameters, i.e., Md and d0, the variable-order fractional 
derivative is used in this study, which will also decrease the number of the required model 
parameters by one. As 𝜕𝛼𝑓 𝜕𝜎𝛼⁄  are defined based on an interval, the effect of state history can 
be automatically considered during the mathematical derivation. It is found that the state 
dependence and shifting of the developed stress-dilatancy equation can be simultaneously 
captured by only using one scalar, i.e., the fractional order (𝛼). As shown in Fig. 1, the stress-
dilatancy curve shifts as 𝛼  varies. A higher phase transformation state 𝜂𝑑  is reported as 𝛼 
increases. According to Eq. (4), 𝜂𝑑  can be obtained at dg = 0, such that 
 𝜂𝑑 = 𝜇𝑀  (5) 
where it can be found that the coefficient 𝜇 controls 𝜂𝑑 . Due to the non-integer feature of 𝛼, 𝜂𝑑 ≠𝑀 , always exists, which agrees with the laboratory observations (Wichtmann and 
Triantafyllidis, 2016). It is thus mathematically proved that due to the memory of the loading 
history, 𝜂𝑑  is no longer equal to the final critical-state stress ratio. 𝜂𝑑  was found to be varying 
with the material state (Been and Jefferies, 1985). To capture such state dependence, the 
following variable fractional order is suggested (Sun et al., 2019a): 𝛼 = exp	(Δ𝛹 ), where Δ is 
a material constant; Fig. 2 shows the simulations of the test results (discrete points) of 
Nerlerk270/1 sand (Jefferies and Been, 2015) and Karlsruhe fine sand (Wichtmann and 
Triantafyllidis, 2016) with different initial void ratios (𝑒0) via Eq. (5). It can be found that the 
proposed approach can well reproduce the dependence of the phase transformation state stress 
ratio on material state of different sands.  
 
3. Application 
The proposed stress-dilatancy equation is incorporated into the constitutive model in Li and 
Dafalias (2000) by replacing its original stress-dilatancy equation. For more details of the other 
constitutive equations, one can refer to Li and Dafalias (2000). A series of drained and 
undrained test results of different sands are simulated. Details of the test material and test setup 
can be found in each literature (Verdugo and Ishihara, 1996; Jefferies and Been, 2015; 
Wichtmann and Triantafyllidis, 2016) and not repeated here. Table 1 lists the model parameters 
for carrying out the simulations. 
Figs. 3 – 4 show the model simulations of the stress-strain behavior of Toyoura sand 
(Verdugo and Ishihara, 1996) tested under different initial states. It can be found that the 
developed approach can accurately capture the undrained and drained behaviour of Toyoura 
sand, where the liquefaction, partial liquefaction, non-flow, and strain hardening/softening 
behaviour can be well reproduced. 
Figs. 5 shows the model simulations of the stress-dilatancy behaviour of Nerlerk270/1 sand 
(Jefferies and Been, 2015) under different initial states. It can be observed that irrespective of 
the initial void ratio, the simulated stress ratio increases with the decreasing dilatancy ratio 
until reaching the maximum dilatancy state (𝑑𝑔 = 𝑑𝑔max), and then it decreases as the dilatancy 
ratio increases, which agrees very well the corresponding test results. 
Fig. 6 compares the simulated and test results of Karlsruhe fine sand (Wichtmann and 
Triantafyllidis, 2016) with different initial states. It can be found that the model can well 
characterise the stress-dilatancy behaviour of Karlsruhe fine sand. The simulated stress ratio 
exhibits an initial linear increase followed by a decrease with the varying dilatancy ratio. 
 
4. Conclusions 
This study made an attempt to develop a new fractional-order stress-dilatancy equation for 
sand. The main findings can be summarized as follows: 
(1) Analytical solutions of the fractional-order derivatives of the Cam-clay yielding function 
under compression and extension were obtained, which further led to the development 
of a unified fractional-order stress-dilatancy equation for sand. 
(2) The derived stress-dilatancy equation was influenced by the critical-state stress ratio, 
current-state stress ratio and fractional order. As the fractional order increased, the 
stress-dilatancy curve shifted. A higher phase transformation state stress ratio was found 
with a higher fractional order. Model parameters can be decreased by one whilst it can 
still consider such space-shift of the stress-dilatancy curve. 
(3) Further simulations of a series of test results of different sands showed that the 
developed approach can accurately reproduce the state-dependent stress-dilatancy 
behavior of sand. 
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Appendix  
(a) Gamma function and Digamma function 
 Γ(𝑥) = ∫ 𝑡𝑥−1exp	(−𝑡)𝑑𝑡∞0  (A1) 
 𝜓(𝑥) = Γ′(𝑥)Γ(𝑥)  (A2) 
where 𝑥 > 0, is the independent variable; Γ′(𝑥) is the first-order derivative of the gamma 
function.  
(b) Riemann-Liouville fractional derivative 
The left-sided and right-sided Riemann-Liouville derivatives of a function f are respectively 
defined as: 
 𝐷0+ 𝑥𝛼𝑓 (𝑥) = 1Γ(𝑛−𝛼) 𝑑𝑛𝑑𝑥𝑛∫ 𝑓 (𝜏)𝑑𝜏(𝑥−𝜏)𝛼+1−𝑛𝑥0+ ,                 𝑥 > 0 (A3) 
 𝐷𝑥 0−𝛼 𝑓 (𝑥) = (−1)𝑛Γ(𝑛−𝛼) 𝑑𝑛𝑑𝑥𝑛∫ 𝑓 (𝜏)𝑑𝜏(𝜏−𝑥)𝛼+1−𝑛0
−
𝑥 ,                𝑥 < 0 (A4) 
where D (= 𝜕𝛼/𝜕𝑥𝛼 ) means partial derivation; 𝛼 ∈ (𝑛 − 1, 𝑛), is the fractional order; n is a 
positive integer. In addition, the CSL, i.e., 𝑒 = 𝑒Γ − 𝜆ln𝑝′, is used for Nerlerk270/1 sand, while 
other sands are simulated using 𝑒 = 𝑒Γ − 𝜆(𝑝′ 𝑝𝑎⁄ )𝜉 , where ,  and  are the material 
constants.  
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Table 1. Model parameters 
Soil type G0 ν 𝜑𝑐 ( ) l 𝑒Γ x D k h1 (h2) 
Toyoura sand (Verdugo 
and Ishihara, 1996) 125 0.05 31.2 0.019 0.934 0.7 1.1 1.1 3.0 
Nerlerk270/1 sand 
(Jefferies and Been, 2015) 65 0.15 31.6 0.875 0.021 - 0.55 1.81 2.5 
Karlsruhe fine sand 
(Wichtmann and 
Triantafyllidis, 2016) 
150 0.05 33.2 0.122 1.103 0.205 0.4 1.42 2.0 
!
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Fig. 1. Effect of a on the stress-dilatancy curve of sand 
Fig. 2. Observed and predicted variation of 𝜂𝑑  with 𝛹  of different sands 
Fig. 3. Model simulations of the undrained behaviour of Toyoura sand (Verdugo and Ishihara, 
1996) 
Fig. 4. Model simulations of the drained behaviour of Toyoura sand (Verdugo and Ishihara, 
1996) 
Fig. 5. Model simulations of the stress-dilatancy behaviour of Nerlerk270/1 sand (Jefferies and 
Been, 2015) 
Fig. 6. Model simulations of the stress-dilatancy behaviour of loose Karlsruhe fine sand 
(Wichtmann and Triantafyllidis, 2016) 
 
 
Fig. 1. Effect of a on the stress-dilatancy curve of soil 
 
 
Fig. 2. Observed and predicted variation of 𝜂𝑑  with 𝛹  of different sands 
 
 
Fig. 3. Model simulations of the undrained behaviour of Toyoura sand (Verdugo and 
Ishihara, 1996) 
 
Fig. 4. Model simulations of the drained behaviour of Toyoura sand (Verdugo and Ishihara, 
1996) 
 
 
Fig. 5. Model simulations of the stress-dilatancy behaviour of Nerlerk270/1 sand (Jefferies 
and Been, 2015) 
 
 
Fig. 6. Model simulations of the stress-dilatancy behaviour of loose Karlsruhe fine sand 
(Wichtmann and Triantafyllidis, 2016) 
  
